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Finite element simulations have been performed to investigate the influence of linearly heated side
wall(s) or cooled right wall on mixed convection lid-driven flows in a square cavity. It is interesting to
note that multiple circulation cells appear inside the cavity with the increase of Pr for Re ¼ 10 and
Gr ¼ 105 in the case of linearly heated side walls. For Pr ¼ 0:015, only two circulation cells are formed
inside the cavity. As Pr increases to 0.7, three circulation cells are formed inside the cavity. Further
increase in Pr to 10, leads to the formation of four circulation cells inside the cavity. On the other hand,
only two circulation cells are formed inside the cavity for the case of cooled right wall. A detailed analysis
of flow pattern shows that as the value of Re increases from 1 to 102, there occurs a transition from nat-
ural convection to forced convection depending on the value of Gr irrespective of Pr. It is observed that
the secondary vortex at the top left corner disappears for Re ¼ 102 and Gr ¼ 105 due to enhanced motion
of the upper lid in the case of cooled right wall while a small secondary vortex exist at the bottom right
corner in the case of linearly heated side walls. The local Nusselt number (Nub) plot shows that heat
transfer rate is equal to 1 at the edges for the case of linearly heated side walls case and that is zero at
the left edge and thereafter that increases for the case of cooled right wall. It is interesting to observe that
Nub is large within 0:4 6 X 6 0:6 due to compression of isotherms for Pr ¼ 0:7 and 10 in the case of lin-
early heated side wall. It is also observed that Nur or Nul exhibits oscillations especially for Pr ¼ 10 at
higher Gr due to the presence of multiple circulations. It is also observed that Nur or Nul vs Gr plots show
oscillation for two case studies. Average Nusselt numbers at the bottom and right walls are strong func-
tions of Grashof number at larger Prandtl numbers whereas average Nusselt number at the left wall at a
specific Pr is a weaker function of Gr.

� 2009 Elsevier Ltd. All rights reserved.
1. Introduction

Recent technological implications have given rise to increased
interest in combined free, forced and mixed convection flows in
channels, ducts and cavities in which the objective is to secure a
quantitative understanding of a configuration having current engi-
neering application. Mixed convection flow in channels, ducts and
cavities may occur in many applications, such as in heat exchang-
ers, ventilation of rooms, double glazing, nuclear reactor insulation,
solar energy collection, chemical processing equipment, microelec-
tronic cooling, crystal growth in liquids, to name just a few of these
applications [1]. Further, mixed convection problems with lid-dri-
ven flows in an enclosure finds a wide range of applications in var-
ious fields of engineering and science such as flow and heat transfer
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in solar ponds [2], dynamics of lakes [3], thermal-hydraulics of nu-
clear reactors [4], food processing and float glass production [5].
The determination of buoyancy-driven flow in cavities is also an
interesting problem for evaluating the performance of numerical
methods dealing with viscous flow calculations. The lid-driven cav-
ity problem has been extensively used as a benchmark case for the
evaluation of numerical solution algorithms [6,7].

The governing non-dimensional parameters used here for the
description of flows are Grashof number (Gr), Reynolds number
(Re) and Prandtl number (Pr). Another dimensionless parameter,
Richardson number (Ri ¼ Gr=Ren), also arises from the Boussinesq
approximation for the analysis of mixed convection. Analysis indi-
cates that Richardson number (Ri) characterizes mixed convection
flow where the Grashof number (Gr) and Reynolds number (Re)
represent the strength of the natural and forced convection flow
effects, respectively. The limiting case Ri! 0 and Ri!1 corre-
spond to the forced and natural convection flows, respectively.
The exponent n depends on the geometry, thermal boundary
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Nomenclature

g acceleration due to gravity, ms-2

Gr Grashof number
J Jacobian of residual equations
k thermal conductivity,W m�1 K�1

L height of the square cavity, m
N total number of nodes
Nu local Nusselt number
Nu average Nusselt number
p pressure, Pa
P dimensionless pressure
Pe Peclet number
Pr Prandtl number
R residual of weak form
Re Reynolds number
Ri Richardson number
T temperature, K
Th temperature of hot bottom wall, K
Tc temperature of cold wall, K
u x component of velocity, m s�1

U x component of dimensionless velocity
v y component of velocity, m s�1

V y component of dimensionless velocity

X dimensionless distance along x coordinate
Y dimensionless distance along y coordinate

Greek symbols
a thermal diffusivity, m2 s�1

b volume expansion coefficient, K�1

c penalty parameter
h dimensionless temperature
m kinematic viscosity, m2 s�1

q density, kg m�3

U basis functions
w stream function

Subscripts
b bottom wall
i residual number
k node number
s side wall

Superscript
n Newton iterative index
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condition and the fluid. The limiting conditions based on Ri are not
invariant for any Prandtl number (Pr) or Peclet number (Pe) and
flow and temperature characteristics are uniquely determined for
fixed Pr or Pe, Re and Gr. The two sets of parameters may determine
the flow and temperature characteristics based on either (i) Re; Pr
and Gr or (ii) Re; Pe and Ri. The first set of parameters is commonly
used in analysis for mixed convection in various applications [8].
Bejan [9] carried out a scale analysis of mixed convection flow over
a vertical wall and showed that the criterion for the transition from
the forced convection dominant flow to natural convection domi-
nant flow was not the same for fluids with Pr P 1 and Pr 6 1.
The transition criterion is not yet validated for Pr � 1 due to non
existence of experimental data for this range of Pr.

Previous studies reflect that there are two categories of study
available for mixed convection flows in enclosures. The first category
is concerned with a horizontal sliding lid which encompasses the top
wall [10–14], bottom sliding wall [15,16] or an oscillating lid [17,18].
These studies have been extended for three-dimensional cavities
[19,20]. The other type of problem is associated with side driven dif-
ferentially heated enclosures, where one wall or both vertical walls
move with a constant velocity in their planes [21–23]. Moallemi
and Jang [10] analyzed the effects of Prandtl number (Pr) on laminar
mixed convection heat transfer in a lid-driven cavity. They per-
formed the numerical simulations for two-dimensional laminar flow
ð100 6 Re 6 2200Þ and studied the effects of small to moderate
Prandtl numbers ð0:01 6 Pr 6 50Þ on the flow and heat transfer
in a square cavity for various values of Richardson number, Ri. The
temperature and flow fields in the cavity are calculated and pre-
sented to illustrate the strong influence of Prandtl number, Pr. The lo-
cal and average Nusselt numbers are also reported for various values
of Re;Ri and Pr. Mixed convection heat transfer in a lid-driven cavity
was also investigated by Prasad and Koseff [11]. They performed a
series of experiments in a cavity filled with water and measured heat
flux at various locations over the hot cavity floor for a range of Re and
Gr. Their results indicate that the overall (i.e. area averaged) heat
transfer rate was very weak function of Gr for the range of Re exam-
ined ð2200 6 Re 6 12;000Þ.

A detailed analysis on the stability of mixed convection has
been carried out by Mohamad and Viskanta [12] and they reported
on the onset of instability in a shallow lid-driven cavity heated
from below. They carried out a linear stability analysis and found
that Pr influences the conditions for the initiation of the mixed
convection regime. Analysis of mixed convection has been studied
for various applications. Amiri et al. [13] have analyzed the effects
of mixed convection heat transfer in lid-driven cavity with sinusoi-
dal wavy bottom surface. They investigated the implications of
Richardson number (Ri), number of wavy surface undulations,
and amplitude of wavy surface on the flow structure for Pr ¼ 1.
They have also illustrated that the average Nusselt number in-
creases with an increase in both amplitude of the wavy surface
and Reynolds number (Re).

Mohamad and Viskanta [14] analyzed convective motion and
heat transfer in a square cavity driven by combined temperature
gradient and imposed lid shear for low Prandtl number fluid
(Pr ¼ 0:005Þ. They reported that for Gr=Re2 P 1 the effect of inertia
is insignificant and for Gr=Re2

6 1 the inertia stabilizes the flow,
regardless of the direction of the applied shear force. Iwatsu et al.
[18] numerically studied the effect of oscillating lid for a viscous
thermally stratified fluid in a square container. Iwatsu and Hyun
[19] also carried three-dimensional numerical simulations of fluid
flow and heat transfer in a lid-driven cavity and analyzed the result
for different values of Ri and Pr ¼ 0:71. They observed that when
Ri P Oð1Þ, the stable temperature distribution tends to suppress
the vertical fluid motion and as a result much of the fluid motion
takes place in the vicinity of the top sliding lid and the bulk of the
cavity region is nearly stagnant. Oztop and Dagtekin [23] studied
steady state two-dimensional mixed convection problem in a verti-
cal two-sided lid-driven differentially heated square cavity. They
observed that both Richardson number and direction of moving
walls affect the fluid flow and heat transfer in the cavity. For
Ri 6 1, the influence of moving walls on the heat transfer is the
same when the walls move in opposite direction regardless of which
side moving upwards and the influence is less when both sides move
upwards. For the case of opposing buoyancy and shear forces and for
Ri P 1, the heat transfer rate is larger due to formation of second-
ary cells on the walls and a counter rotating cell at the center.

Mixed convection studies are also carried out in presence of iso-
lated or discrete heat sources [24–26]. Papanicolaou and Jaluria
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[24] studied the effects of mixed convection from an isolated heat
source in a rectangular enclosure. Their study is based on the
mixed convection transport from an isolated thermal source, with
a uniform surface heat flux input and located in a rectangular
enclosure. The objective of the work is to analyze the interaction
of the cooling stream with the buoyancy-induced flow from the
heat source. Hsu et al. [25] studied combined free and forced
convection in a partially divided enclosure with a finite-size heat
source. The enclosure is partially divided by a conductive vertical
divider protruding from the floor or the ceiling of the enclosure.
The present study simulates a practical system such as air-cooled
electronic equipment with heated components. The results indi-
cate that the average Nusselt number and the dimensionless sur-
face temperature on the heat source strongly depend on the
location and the height of the divider. Hsu and Wang [26] carried
out numerical study on mixed convective heat transfer in rectan-
gular enclosure. The discrete heat sources are embedded on a ver-
tical board, which is situated on the bottom wall of an enclosure.
An external airflow enters the enclosure through an opening in
one vertical wall and exits from another opening in the opposite
wall. The computational results indicate that both the thermal field
and the average Nusselt number (Nu) depend strongly on the gov-
erning parameters, position of the heat sources, as well as the
property of the heat-source-embedded board. Although there are
a number of studies available in the literature as mentioned above
for mixed convection flows within enclosures, but the detailed
analysis on heat and fluid flow for uniform and non-uniform heat-
ing cases with local and average heat transfer rates as a function of
various governing parameters is yet to appear in the literature.

Current study deals with the mixed convection heating of com-
monly used liquids in a square enclosure where the bottom wall is
heated uniformly, left vertical wall is heated linearly, right vertical
wall is either linearly heated or cooled and the insulated top wall is
sliding with a uniform velocity. These boundary conditions are typ-
ical representations of heating of fluid in a container where heat
treatment is applied at the bottom and the side wall would corre-
spond to linear heating rate such that the heating rate is zero at the
top of the side wall. The cold side wall often appears in presence of
cold outer environment and this cold side wall may also cause
locally larger thermal gradient. Convection patterns in such situa-
tion may be interesting and the studies on mixed convection with
such boundary conditions are not yet reported till date. The aim of
the present investigation is to provide a complete understanding
about the physical insight of the problem, solution procedure using
finite element method and detailed analysis of temperature and
the flow fields on heat transfer evaluation. The geometry of square
cavity with boundary conditions is shown in Fig. 1. In the current
study, Galerkin finite element [27] method has been used with
Fig. 1. Schematic diagram of the physical system.
penalty parameter to solve the nonlinear coupled partial differen-
tial equations governing flow and temperature fields. The detailed
analysis of heat transfer rates or Nusselt numbers has been carried
out using finite element basis functions.

2. Problem formulation

A two-dimensional square cavity is considered for the present
study with the physical dimensions as shown in the Fig. 1. The bot-
tom wall of the cavity is maintained at a uniform temperature and
the top wall is insulated. The left vertical wall is heated linearly
and the right vertical wall is either heated linearly or maintained
at cold temperature. The bottom wall is maintained at a higher
temperature to induce buoyancy effect. The top wall is assumed
to slide from left to right with a constant speed U0. The flow is
assumed to be laminar and the fluid properties are assumed to
be constant except for the density variation which is treated
according to Boussinesq approximation while viscous dissipation
effects are considered to be negligible. The governing equations
for the viscous incompressible flow and the temperature
distribution inside the cavity are the Navier–Stokes equations
and the energy equations, respectively. The governing equations
are non-dimensionalized to yield
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The transformations of variables in order to obtain dimensionless
governing equations are given as follows:

UðX;1Þ ¼ 1; UðX;0Þ ¼ Uð0;YÞ ¼ Uð1;YÞ ¼ 0;
VðX;0Þ ¼ VðX;1Þ ¼ Vð0;YÞ ¼ Vð1; YÞ ¼ 0;

hðX;0Þ ¼ 1;
@h
@Y
ðX;1Þ ¼ 0;

hð0;YÞ ¼ 1� Y; hð1;YÞ ¼ 1� Y or 0: ð5Þ

The transformations used are as follows:

X ¼ x
L
; Y ¼ y

L
; U ¼ u

U0
; V ¼ v

U0
; h ¼ T � Tc

Th � Tc
;

P ¼ p

qU2
0

; Pr ¼ m
a
; Re ¼ U0L

m
; Gr ¼ gbðTh � TcÞL3

m2 : ð6Þ

Here x and y are the distances measured along the horizontal and ver-
tical directions, respectively; u and v are the velocity components in
the x and y directions, respectively; T denotes the temperature; p is
the pressure and q is the density; Th and Tc are the temperature at
the hot and cold walls, respectively; L is the length of the side of the
square cavity; X and Y are dimensionless coordinates varying along
horizontal and vertical directions, respectively; U0 is the velocity of
the upper wall; U and V are dimensionless velocity components in
the X and Y directions, respectively; h is the dimensionless tempera-
ture; P is the dimensionless pressure; Gr;Re and Pr are Grashof,
Reynolds and Prandtl numbers, respectively.
3. Solution procedure

The momentum and energy balance equations [Eqs. (2)–(4)]
which are elliptic system of equations have been solved using
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the Galerkin finite element method. The continuity equation [Eq.
(1)] will be used as a constraint due to mass conservation and this
constraint may be used to obtain the pressure distribution. In order
to solve Eqs. (2–3), we use the penalty finite element method
where the pressure P is eliminated by a penalty parameter (c)
and the incompressibility criteria given by Eq. (1) [27] results in

P ¼ �c
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: ð7Þ

The continuity equation [Eq. (1)] is automatically satisfied for
large values of c. Typical values of c that yield consistent solutions
are 107. Using Eq. (7), the momentum balance equations [Eqs. (2)
and (3)] reduce to
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The system of equations [Eqs. (4), (8) and (9)] with boundary
conditions [Eq. (5)] are solved by using Galerkin finite element
method [27]. Expanding the velocity components ðU; VÞ and tem-
perature ðhÞ using basis set fUkgN

k¼1 as,
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the Galerkin finite element method yields the following nonlinear
residual equations for Eqs. (8), (9) and (4), respectively, at nodes
of internal domain X:
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The set of non-linear algebraic equations [Eqs. (12 and 13)] are
solved using reduced integration technique [28] and Newton
Raphson method as discussed in earlier work [29,30]. At each
iteration, the linear (3N � 3NÞ system;

JðanÞ½an � anþ1� ¼ RðanÞ; ð14Þ
is solved where n is the iterative index. The elements of the Jacobian
matrix, JðanÞ contains the derivatives of the residual equations with
respect to velocity components ðUjÞ’s, ðVjÞ’s and the temperature
(hj’s) and RðanÞ is the vector of residuals. The linear system for each
iteration is based on efficient node numbering of the elements such
that the jacobian forms a banded matrix. The iterative process is

terminated with the convergence criterion
P
ðRðjÞi Þ

2
h i0:5

6 10�5

using two-norm of residual vectors.
The numerical solutions are obtained in terms of the velocity

components ðU;VÞ and stream function ðwÞ is evaluated using the
relationship between the stream function ðwÞ and the velocity
components [31], where the stream function ðwÞ is defined in the
usual way as U ¼ @w=@Y and V ¼ �@w=@X. It may be noted that,
the positive sign of w denotes anti-clockwise circulation and the
clockwise circulation is represented by the negative sign of w.
The no-slip condition is valid at all boundaries as there is no cross
flow, hence w ¼ 0 is used for the boundaries. The heat transfer
coefficient in terms of the local Nusselt number ðNuÞ is defined by

Nu ¼ � @h
@n

; ð15Þ

where n denotes the normal direction on a plane. The local Nusselt
numbers at bottom wall ðNubÞ and at the side wall ðNusÞ are defined
as:
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The average Nusselt numbers at the bottom and side walls are:
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and
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Note that, Nus may be denoted as Nul and Nur for the left and right
walls, respectively.

4. Results and discussion

4.1. Numerical tests

The computational domain consists of 28 � 28 bi-quadratic ele-
ments which correspond to 57 � 57 grid points. The bi-quadratic
elements with lesser number of nodes smoothly capture the non-
linear variations of the field variables which are in contrast with
finite difference/finite volume solution available in the literature
[23,10]. Fig. 2a and b shows streamlines and isotherms for the fluid
confined within hot bottom and top cold walls with insulated side
walls and the results are in good agreement with the earlier work
[10]. Fig. 3a–c illustrate the influence of number of grid points for a
test case of fluid confined within cavity subjected to uniform heat-
ing of bottom wall with linearly heated side walls in presence of
top adiabatic wall. The simulation results are shown for 49 � 49
(Fig. 3a), 57 � 57 (Fig. 3b) and 61 � 61 grid points (Fig. 3c). It is
found that temperature and flow characteristics with 57 � 57
and 61 � 61 grids are identical and further simulation studies are
performed based on 57 � 57 grids.

Numerical solutions are obtained for Gr ¼ 103 � 105;

Pr ¼ 0:015� 10 and Re ¼ 1� 102 with uniform heating of the bot-



Fig. 2. Benchmark results of stream function and temperature contours for fluid confined within cold top and hot bottom wall with insulated side walls [10] for (a)
Pr ¼ 0:1; Re ¼ 500; Gr ¼ 105 and (b) Pr ¼ 1; Re ¼ 500; Gr ¼ 105. The results are shown for 57� 57 grid points.
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tom wall where the two vertical walls are linearly heated or the
right wall is kept at cold temperature and the top wall is well
insulated with a horizontal velocity U ¼ 1. In case of cold right
wall, the jump discontinuity due to Dirichlet type boundary con-
dition at the corner point (see Fig. 1) corresponds to computa-
tional singularity. The convergence tests for the particular
situation is carried out in following manner. The grid size depen-
dent effect of the temperature discontinuity at the corner points
upon the local (and the overall) Nusselt numbers tend to increase
as the mesh spacing at the corner is reduced. One of the ways for
handling the problem is assuming the average temperature of the
two walls at the corner and keeping the adjacent grid-nodes at
the respective wall temperatures. Alternatively, based on earlier
work by Ganzarolli and Milanez [32], this procedure is still grid
dependent unless a sufficiently refined mesh is implemented.
Accordingly, once any corner formed by the intersection of two
differentially heated boundary walls is assumed at the average
temperature of the adjacent walls, the optimal grid size obtained
for each configuration corresponds to the mesh spacing over
which further grid refinements lead to grid invariant results in
both heat transfer rates and flow fields.

In the current investigation, Gaussian quadrature based finite
element method provides the smooth solutions at the interior do-
main including the corner region as evaluation of residual depends
on interior Gauss points and thus the effect of corner node is less
pronounced in the final solution. The present finite element ap-
proach offers special advantage on evaluation of local Nusselt
number at the bottom and side walls as the element basis func-
tions are used to evaluate the heat flux.
4.2. Effect of Grashof number (Gr) for linearly heated side walls or with
cooled right wall

Figs. 4–7 display the stream function and isotherm contours of
the numerical results for Gr ¼ 103 � 105; Pr ¼ 0:015� 10 with
Re ¼ 10 when the side walls are linearly heated or the left wall lin-
early heated with cooled right wall whereas the bottom wall is
maintained at uniform heating. Fig. 4a shows that for Gr ¼ 103,
the effect of lid-driven flow predominates the natural convection.
The lid velocity produces inertia effect on the flow near the upper
boundary. Due to strong inertial effects produced by the motion of
the upper wall, secondary circulation does not appear inside the
cavity for Gr ¼ 103. Overall, flow scenario resembles the case of
lid-driven flow and the circulation is stronger at the core of the
cavity. At Gr ¼ 104, both primary and secondary circulations are
formed inside the cavity (see Fig. 4b). It is interesting to note that
due to the increase in Gr, the significant effect of buoyancy results
in an onset of natural convection flow at the left corner of the bot-
tom wall. A small amount of fluid is dragged from the core along
with the rising fluids from the left half of the cavity due to the in-
creased strength of buoyancy and secondary circulation with anti-
clockwise rotation is observed. The strength of clockwise
circulation is stronger as compared to the anticlockwise circulation
for Gr ¼ 104. In fact, the major portion of the cavity is occupied by
primary clockwise circulation and the secondary anticlockwise cir-
culation occupies a small portion near the left side wall. At
Gr ¼ 105, the natural convection becomes equally dominant as
the lid-driven flow and the strength of both the circulations are in-
creased. Due to uniform heating of the bottom wall, fluids rise from



Fig. 3. Stream function and temperature contours for linearly heated side walls with hð0; YÞ ¼ hð1;YÞ ¼ 1� Y; hðX;0Þ ¼ 1; Pr ¼ 10; Re ¼ 10 and Gr ¼ 105 for (a) 49� 49 (b)
57� 57 and (c) 61� 61 grid points.
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the center of the cavity forming two symmetric rolls with clock-
wise and anticlockwise rotations inside the cavity (see Fig. 4c).
Heat transfer is primarily due to conduction in all these cases
(Gr ¼ 103 � 105 and Pr ¼ 0:015) as the strengths of circulations
are lower (see Fig. 4a–c). During conduction dominant heat trans-
fer, the temperature contour for h 6 0:3 occurs symmetrically
near the side of the enclosure. The other temperature contours
with h P 0:4 are smooth curves which span the entire enclosure
and they are generally symmetric with respect to the vertical sym-
metric line.
Figs. 5 and 6 display results for Pr ¼ 0:7 and 10, respectively. At
Gr ¼ 103, the lid-driven flow is dominant but the isotherms are
symmetric representing conduction dominant heat transfer as seen
in Fig. 5a. A small amount of secondary circulation with anti-clock-
wise rotation is found near the top left wall at Gr ¼ 104 (see
Fig. 5b). Although the cold fluid is attached with cold upper part
of the wall but some part of that fluid is dragged due to the motion
of the upper lid. The enhanced convection also leads to the dis-
torted and asymmetric isotherms. The temperature contours for
h 6 0:4 are stretched and are found to be attracted and distorted



Fig. 4. Stream function and temperature contours for linearly heated side walls with hð0; YÞ ¼ hð1;YÞ ¼ 1� Y; hðX;0Þ ¼ 1; Pr ¼ 0:015; Re ¼ 10: (a) Gr ¼ 103 (b) Gr ¼ 104 and
(c) Gr ¼ 105.
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towards the right corner of the top wall. The other continuous iso-
therms are also attracted towards the upper wall. As Gr increases
to 105, two secondary circulations formed inside the cavity as seen
in Fig. 5c. Although the fluid in contact with the upper part of the
left wall is cold, but a significant amount of the cold fluid is
dragged by the motion of the upper lid. Further, another weak sec-
ondary circulation appears at the bottom right corner due to strong
convection of the warm fluids. It may be noted that the overall
intensity of flow at the center of primary and secondary circulation
cells is higher and that is due to enhanced effect of natural convec-
tion for Gr ¼ 105. It is interesting to observe that a strong primary
circulation exists inside the center of the cavity and that increases
the mixing process. The isotherms with h 6 0:6 are disrupted and
these isotherms shift towards the cold top portion of side walls due
to stronger circulation.

As Pr increases to 10, the isotherms are not even symmetric
about the central symmetric line for Gr ¼ 103 (see Fig. 6a) and con-
vective heat transfer is found to be dominant. Due to enhanced
convection, the upper regime near the right wall experiences ther-
mal mixing and that regime corresponds to h 6 0:4. At Gr ¼ 104,
the primary circulation cell gets deformed towards the middle por-
tion of the right wall and the strength of secondary circulation near



Fig. 5. Stream function and temperature contours for linearly heated side walls with hð0; YÞ ¼ hð1; YÞ ¼ 1� Y; hðX;0Þ ¼ 1; Pr ¼ 0:7; Re ¼ 10: (a) Gr ¼ 103 (b) Gr ¼ 104 and
(c) Gr ¼ 105.
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the bottom portion of the right wall increases as seen in Fig. 6b.
The temperature of the major portion of the cavity lies between
0.4 and 0.7 due to enhanced mixing. As Gr increases to 105, the sec-
ondary circulation cells push the primary circulations towards the
upper part of the cavity due to enhanced convection from the hot
lower half of the cavity and hot fluid moves towards the center of
the cavity as seen from Fig. 6c. It is interesting to observe that the
pairs of symmetric circulations with hot and cold fluid regimes ap-
pear distinctly inside the cavity and both circulation cells appear
due to positive and negative temperature gradients with respect
to the center along the vertical walls. The isotherm lines with
greater values (h P 0:5) cover almost 80% of the cavity.

Fig. 7a–c illustrates the stream function and isotherm contours
for Gr ¼ 103 � 105; Pr ¼ 0:7 and Re ¼ 10 with uniformly heated
bottom wall, cooled right wall and linearly heated left wall. The ef-
fect of lid-driven flow is dominant for low value of Gr (Gr ¼ 103)
and the fluid rises up along the left hot wall and flows down along
the cooled right wall forming a roll with clockwise rotation inside
the cavity. As Gr increases to 105, the strength of buoyancy
inside the cavity increases and more fluid rises from the center



Fig. 6. Stream function and temperature contours for linearly heated side walls with hð0;YÞ ¼ hð1;YÞ ¼ 1� Y; hðX; 0Þ ¼ 1; Pr ¼ 10; Re ¼ 10: (a) Gr ¼ 103 (b) Gr ¼ 104 and
(c) Gr ¼ 105.
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of the cavity. A secondary circulation is also formed near the top
left corner as only a partial amount of fluid is dragged by the mo-
tion of the upper lid. The isotherms are found to be non symmetric
for all values of Gr. The isotherms with h 6 0:2 are pushed to-
wards the right wall and a small regime of upper portion of left
wall whereas the isotherms with 0:3 6 h 6 0:7 are found to vary
smoothly from the top portion of the bottom wall for Gr ¼ 103 (see
Fig. 7a). At Gr ¼ 104, the circulations are stronger and conse-
quently, the temperature contour h 6 0:4 is pushed towards the
cold right wall and a few contours with h = 0.4–0.5 are also pushed
towards the top portion of the left wall (see Fig. 7b). As Gr increases
to 105, the convection inside the cavity increases and the isotherms
with h P 0:5 occupy nearly 50% of the cavity.

4.3. Effect of Reynolds number (Re) for linearly heated side walls or
with cooled right wall

Fig. 8a–c shows the effect of Re for Pr ¼ 0:015 and Gr ¼ 105. The
natural convection is dominant and thus two circulation cells
are formed in the cavity at low Re (Re ¼ 1) as seen in Fig. 8a. The



Fig. 7. Stream function and temperature contours for linearly heated left vertical wall with hð0;YÞ ¼ 1� Y and cooled right vertical wall with hð1; YÞ ¼ 0;
hðX;0Þ ¼ 1; Pr ¼ 0:7; Re ¼ 10: (a) Gr ¼ 103 (b) Gr ¼ 104 and (c) Gr ¼ 105.
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clockwise and anticlockwise circulation cells are symmetric as the
warm fluid rises up from the center and flows symmetrically along
the side walls. As Re increases to 10, the lid-driven flow gradually
start dominating the buoyancy forces. The right vortex is deformed
near the top wall due to motion of the upper lid and the left vortex
still denotes the dominant effect of natural convection. It may be
noted that the buoyancy and inertial forces are in aiding combina-
tion near the right wall and only the effects of buoyancy force are
present near the left wall. The fluid rises up from the center of the
cavity and is pulled towards the right vertical wall due to the mo-
tion of the upper lid. Due to this drag force, the primary vortex
dominates the secondary vortex and the primary vortex occupies
the larger portion of the cavity (see Fig. 8b). As Re increases to
102, the secondary circulation almost vanishes inside the cavity
and the primary vortex occupies the entire cavity. Thus the effect
of buoyancy is suppressed by the enhanced motion of the upper
lid as can be seen in Fig. 8c representing the lid-driven flows. Com-
mon to all cases, heat is transferred mostly due to conduction and
the isotherms with h 6 0:3 lie symmetrically and isotherms with
h = 0.3–0.4 get attracted towards the upper wall for all Re



Fig. 8. Stream function and temperature contours for linearly heated side walls with hð0;YÞ ¼ hð1; YÞ ¼ 1� Y; hðX; 0Þ ¼ 1; Pr ¼ 0:015; Gr ¼ 105: (a) Re ¼ 1 (b) Re ¼ 10 and
(c) Re ¼ 102.
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(see Fig. 8a–c). The other isotherms lie symmetrically along the
vertical line inside the cavity.

Fig. 9a–c displays the stream function and isotherm contours for
Pr ¼ 0:7;Gr ¼ 105 and with various values of Re. It is interesting to
observe that a strong secondary vortex is formed at the top left cor-
ner and another weaker secondary vortex is also formed at the bot-
tom right corner for Re ¼ 1 as seen in Fig. 9a. The vortex at the top
left corner is formed due to the fact that the cold fluid is partly
dragged by the motion of the upper lid. Further the vortex at the
bottom left corner is formed due to convection of the warm fluid.
It is also interesting to note that the maximum value of the stream
function in the primary cell is 12 and that implies intense convec-
tion (natural convection as well as forced convection). Therefore,
the significant effect of mixed convection is observed for Re ¼ 1
and Pr ¼ 0:7 and that contrasts the effect of dominant natural con-
vection at Pr ¼ 0:015 and Re as seen in Fig. 8a. Due to significant
effect of mixed convection and enhanced thermal mixing, the tem-
perature of the major portion of the cavity lies between 0.5 and 0.7
and these isotherms occupy nearly 80% of the cavity (see Fig. 9a). It
is interesting to observe that the isotherms are highly compressed



Fig. 9. Stream function and temperature contours for linearly heated side walls with hð0; YÞ ¼ hð1; YÞ ¼ 1� Y; hðX; 0Þ ¼ 1; Pr ¼ 0:7; Gr ¼ 105: (a) Re ¼ 1 (b) Re ¼ 10 and (c)
Re ¼ 102.
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near the top portion of side walls due to strong convective effects.
Similar patterns are also observed for stream function and iso-
therms at Re ¼ 10 (see Fig. 9b). It may be noted that, the strength
of circulation decreases as seen in Fig. 9b and the strength of circu-
lation is lesser from that of Fig. 9a. As Re increases to 102, the sec-
ondary vortex at the top left corner disappears due to enhanced
motion of the upper lid that drags more fluid from left to right part
of the cavity (Fig. 9c). But the other secondary vortex remains at
the bottom right corner due to presence of two distinct layers of
fluid near the right wall. The cold fluid is dragged by the motion
of the upper lid leaving the warm fluid near the bottom right cor-
ner. The isotherms with h 6 0:4 are compressed and attracted to-
wards the top wall especially near the top portion of the right wall
due to strong primary circulation cell.

Fig. 10 displays the effect of Re for Pr ¼ 0:7 and Gr ¼ 105 with
cooled right wall. At Re ¼ 1, the major part of the cavity is occupied
by primary vortex and a small part near the top left corner is occu-
pied by the secondary vortex (see Fig. 10a). This is due to fact that
only a partial amount of fluid is dragged by the motion of the upper
lid. The isotherms for h 6 0:4 get highly compressed towards the



Fig. 10. Stream function and temperature contours for linearly heated side wall with hð0; YÞ ¼ 1� Y, cooled right wall with hð1; YÞ ¼ 0; hðX;0Þ ¼ 1; Pr ¼ 0:7; Gr ¼ 105:
(a) Re ¼ 1 (b) Re ¼ 10 and (c) Re ¼ 102.
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cold portion of side wall and the temperature of the major part of
the cavity is maintained at h ¼ 0:5. As Re increases to 10, a similar
qualitative pattern of streamlines and isotherms appear as seen in
Fig. 10a and b. As Re increases to 102, the secondary circulation dis-
appears and the whole cavity is occupied by primary vortex only
(see Fig. 10c). The streamlines appear to be almost circular. This
represents the case of lid-driven flow. The temperature of the ma-
jor part of the cavity lies in between 0.4 and 0.5.

As Pr increases to 10, the secondary circulation becomes more
prominent for Re ¼ 1 and 10. The isotherms are highly com-
pressed towards the right portion of the bottom wall and cooled
right wall. The temperature of the major part of the cavity lies in
between 0.4 and 0.5 and a small portion at the center corre-
sponds to h ¼ 0:5 (see Fig. 11a and b). As Re increases to 102,
the streamlines near the boundary appear to be rectangular and
at the center it appears to be oval. The rectangular streamlines
near the walls denote enhanced mixing. It may be noted that
the secondary vortex completely disappears and uniform thermal
mixing is observed as h = 0.3–0.4 is maintained in 90% of the cav-
ity (see Fig. 11c).



Fig. 11. Stream function and temperature contours for linearly heated side wall with hð0; YÞ ¼ 1� Y, cooled right wall with hð1; YÞ ¼ 0; hðX; 0Þ ¼ 1; Pr ¼ 10; Gr ¼ 105:
(a) Re ¼ 1 (b) Re ¼ 10 and (c) Re ¼ 102.
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4.4. Heat transfer rate: Local and average Nusselt numbers for linearly
heated side walls or cooled right wall

Fig. 12a shows the effect of local heat transfer rate along the
bottom wall for various values of Pr with Gr ¼ 103 and 105 and
Re ¼ 10 in presence of linearly heated side walls. At the edges of
the bottom wall the heat transfer rate (Nub) is 1 due to linearly
heated side walls. The heat transfer rate is uniformly equal to 1
throughout the wall at Pr ¼ 0:015 due to isotherms being parallel
to the bottom wall based on the dominance of conduction. As Pr in-
creases to 0.7, the heat transfer rate (Nub) is larger due to enhanced
intensity of circulations for 0:3 6 X 6 0:9 (Fig. 5a). In addition,
Nub attains the maxima in the right part of the cavity due to com-
pression of isotherms along the right wall. The compression of iso-
therms is further increased due to enhanced circulations with the
increase of Pr (Pr ¼ 10) as seen in Fig. 6a. The compression of iso-
therms is pronounced within 0:4 6 X 6 0:6 and Nub is large
within that regime. It is interesting to note that Nub vs distance
with Gr ¼ 103 and 105 are identical for Pr ¼ 0:015. As Gr increases
to 105, heat transfer rate along the bottom wall (Nub) for Pr ¼ 0:7
and 10 is larger than that with Gr ¼ 103. It may be noted that
Nub is largest at X ¼ 0:7 and 0.4 for Pr ¼ 0:7 and 10, respectively



Fig. 12. Variation of Local Nusselt number with distance at the (a) bottom wall (b) right wall and (c) left wall for linearly heated side walls with Re ¼ 10; Gr ¼ 103 (—) and 105

(...).
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due to highly compressed isotherms resulting from enhanced con-
vection at Gr ¼ 105.

Fig. 12b shows the effect of local heat transfer rate along the
right wall (Nur) for various values of Pr with Gr ¼ 103 and 105.
The heat transfer rate at the bottom edge of the side walls is zero
due to uniformly heated bottom wall and widely dispersed iso-
therms. It is interesting to observe that Nur has a maxima at the
top edge due to large temperature gradient for all values of Pr
and Gr. It may be noted that the heat transfer rate, Nur is almost
zero for Gr ¼ 103; Pr ¼ 0:015 and Pr ¼ 0:7 upto Y ¼ 0:7 due to
widely dispersed isotherms and Nur is 3 at Y ¼ 1 due to dense iso-
therms contours (Fig. 12b). It is also interesting to observe that the
heat transfer rate (Nur) is negative upto Y ¼ 0:8 for Pr ¼ 10 due to
widely dispersed isotherms as seen in Fig. 6a. The thermal gradient
is least at around Y ¼ 0:7 and afterwards, Nur is increased upto 9 at
the top edge due to large thermal gradient as seen in Fig. 6a. It is
also interesting to observe that Nur vs distance remains invariant
of Gr for Pr ¼ 0:015. Similar characteristics are also found for Nub

or Nul vs distance profile. As Gr increases to 105, Nur decreases upto
Y ¼ 0:3 for Pr ¼ 0:7 and then that increases with the increase of
vertical distance. The initial decrease in Nur with the distance is
due to widely dispersed isotherms as seen in Fig. 5c. The hot fluid
near the bottom portion of the right wall is taken away by primary
circulation and that reduces the thermal gradient near the bottom
portion of the right wall. As Pr increases to 10, Nur shows oscilla-
tory behavior with the maxima and minima attaining in alternate
manner. This is due to the compression of isotherms towards the
bottom wall and the top portion of the right wall due to recurrence
of pair of circulations as seen in Fig. 6c.

Fig. 12c illustrates that Nul is almost zero upto Y = 0.7 and there-
after Nul increases for Pr = 0.015 and 0.7 with Gr = 103. Similar
characteristics were also observed for the right wall. On the other
hand, for Pr = 10 and Gr = 103, Nul increases upto Y = 0.9 and there-
after that decreases. The sudden decrease in Nul is due to the fact
that the cold fluid at the top portion of the left wall is dragged
by the top moving wall and therefore the top portion of the left
wall remains cold and the temperature gradient is less as h is vary-
ing within 0.1–0.2 (see Fig. 6a). As Gr increases to 105, Nul shows
more number of oscillations with Y especially at Pr = 10 due to
compression of isotherms at various locations resulting from dom-
inant effect of convection. Similar phenomena was also observed
for right wall. However, frequency of oscillation is larger for Nul

due to drag of liquid along the right direction of the top wall.
Fig. 13a–c displays the heat transfer rate along the bottom, right

and left walls, respectively with linearly heated left wall and
cooled right wall. Fig. 13a shows that Nub increases from the left
edge towards the right edge of the bottom wall. The heat transfer
rate (Nub) is 0 at the left edge of the bottom wall due to linearly
heated left wall and that is maximum at the right edge due to
cooled right wall attached with the hot bottom wall. It is interest-
ing to note that Nub is larger along the bottom wall for Pr ¼ 10 due
to enhanced compression of isotherms. The qualitative trends in
Nub are similar for Gr ¼ 103 and 105. Although distribution of
Nub is found to be invariant of Gr for Pr ¼ 0:015, but larger



Fig. 13. Variation of Local Nusselt number with distance at the (a) bottom wall (b) right wall and (c) left wall for linearly heated left wall and cooled right wall with
Re ¼ 10; Gr ¼ 103 (—) and 105 (...).
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compression of isotherms occur for Pr ¼ 0:7 and 10 leading to high
value of Nub at Gr ¼ 105.

Fig. 13b illustrates that Nur decreases for Pr ¼ 0:015 and 0.7
with Gr ¼ 103. This is due to the fact that for lower value of Pr,
the effect of conduction is dominant and the isotherms are
attracted towards the bottom edge of the right wall due to singu-
larity present at the corner of the right wall. As Pr increases to
10, Nur first decreases upto Y ¼ 0:2 and thereafter that increases
with the increase of vertical distance as the isotherms are distorted
due to dominant effect of convection and are attracted towards the
top portion of the right wall. It is important to note that, the
boundary layer starts to grow at the bottom edge of the right wall
and the thickness is larger at Y ¼ 0:2. Thereafter, the thickness of
boundary layer is smaller leading to large value of Nur . At
Gr ¼ 105, the thickness of boundary layer is larger near the bottom
edge of the right wall and the isotherms are found to be highly
compressed along the top portion of the wall due to enhanced cir-
culation especially for Pr ¼ 0:7 and 10.

Fig. 13c shows that the heat transfer rate (Nul) at the bottom
edge of the left wall is zero due to linearly heated left wall and
its magnitude increases from the bottom to top edge of the left
wall especially for Pr ¼ 0:7 and 10. The heat transfer rate (Nul) is
found to be increasing for Y P 0:2 and afterwords that decreases
for Y P 0:9 for Pr ¼ 10 at Re ¼ 10. Similar phenomena is also
observed for linearly heated side walls as seen in Fig. 12c. As Gr
increases to 105, Nul shows oscillatory behavior due to presence
of secondary circulation near the top edge of the left wall. In addi-
tion, the isotherms are quite disperse at the bottom portion of the
left wall. Similar to Fig. 12c, Nul is greater with Gr ¼ 105 than that
with Gr ¼ 103 at the top edge for Pr ¼ 10. This is due to the fact
that the isotherms at the top edge of the left wall are distorted
and compressed for Gr ¼ 105 as seen in Fig. 11b.

The overall effects on heat transfer rates are shown in Fig. 14(a–
d), where the distributions of the average Nusselt number at
bottom and side walls, respectively, are plotted as functions of log-
arithmic Grashof number or Richardson number. The average Nus-
selt numbers are obtained using Eqs. 18 and 19 where the integral
is evaluated using Simpson’s 1/3 rule. Fig. 14a and b displays Nub

and Nul, respectively, for the case of linearly heated side walls
while Fig. 14c and d represents average Nusselt number for the
case of linearly heated left wall and cooled right wall with
Pr ¼ 0:015, 0.7 and 10. The inset plot of Figs. 14b and d illustrates
the average Nusselt number distributions for right wall. The aver-
age heat transfer rate for Pr ¼ 0:015 is constant in all cases due to
dominant effect of conduction (Fig. 14a–d).

Fig. 14a shows that Nub is constant upto Gr ¼ 8� 103 and there-
after that increases for Pr ¼ 0:7. This is due to the fact that the iso-
therms are compressed with the increase of Gr leading to larger
Nub near the middle portion of the bottom wall (Fig. 12a) and as
a result heat transfer rate increases along the bottom wall. It is also
observed that Nub increases for Pr ¼ 10 due to compression of iso-
therms resulting from enhanced convection. The enhancement of
Nub with Gr is also due to larger Nub for higher Gr.

Fig. 14b illustrates that Nul with Pr ¼ 10 shows oscillation with
the increase of Gr. The oscillations of Nul at higher Gr is also attrib-
uted to the larger degree of oscillation of Nul with distance at



Fig. 14. Variation of average Nusselt number with Gr or Ri� 102 for linearly heated side walls (a and b) and linearly heated left wall and cooled right wall (c and d) with
Pr ¼ 0:015; Pe ¼ 0:15, Pr ¼ 0:7; Pe ¼ 7, Pr ¼ 10; Pe ¼ 102.
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Gr ¼ 105 as seen in Fig. 12c. The inset plot shows that Nur for
Pr ¼ 0:7 decreases upto Gr ¼ 104 and thereafter that increases. This
is due to the fact that isotherms are widely dispersed upto Gr ¼ 104

as seen in Fig. 5a–b. Similar to the left wall, Nur also shows oscilla-
tion for Pr ¼ 10 as Nur shows oscillations with distance at Gr ¼ 105

as seen in Fig. 12b.
Fig. 14c shows that Nub for Pr ¼ 0:7 and 10 increases smoothly

with the increase of Gr. Fig. 14d shows that Nul vs Gr for Pr ¼ 0:015
and 0.7 is qualitatively similar as seen in Fig. 14b. As Pr increases to
10, Nul increases upto Gr ¼ 3� 104 and then that decreases shar-
ply. This is due to the presence of oscillations in Nul vs distance
as seen in Fig. 13c and sharp decrease may occur due to localized
dispersed isotherms at higher Gr. The inset shows that Nur for
Pr ¼ 0:7, is constant upto Gr ¼ 8� 103 and thereafter that in-
creases. This is due to the fact heat transfer is dominated by con-
duction upto Gr ¼ 104 and thereafter by convection. On the other
hand, Nur for Pr ¼ 10 increases smoothly with the increase of Gr.

Variation of average Nusselt number vs Prandtl number or
Peclet number with various Grashof numbers are shown in
Fig. 15a–d. Fig. 15a and b illustrates variations for the case cor-
responding to linearly heated side walls and Fig. 15c and d
shows variations for linearly heated left wall in presence of cold
vertical wall. It is observed that variation of average Nusselt
number with Grashof number is not significant for Pr 6 0:5
for all cases. In general, average Nusselt numbers increase with
Pr for specific Grashof numbers. It is also found that Nub is large
for Pr P 5 and Gr ¼ 105. Average Nusselt numbers for the bot-
tom wall (Nub) for the case with cold right wall are larger than
those for the case with linear heated side walls (see Fig. 15a and
c). It is interesting to observe that Nul is found to be weaker
functions of Grashof numbers for all ranges of Pr (see Fig. 15b
and d) whereas average Nusselt numbers for the right wall
(Nur) are larger for Gr ¼ 105 at larger values of Pr for all the
cases (see insets of Fig. 15b and d).

5. Conclusions

The influence of linearly heated vertical walls or cooled right
wall with uniformly heated bottom wall on flow and heat transfer
characteristics due to mixed convection within a square cavity has
been studied in the present investigation. The penalty finite ele-
ment method helps to obtain smooth solution in terms of stream
function and isotherm contours. It is observed that the effect of
lid-driven flow is dominant for Gr ¼ 103 and as the value of Gr in-
creases both the primary and secondary circulations appear inside
the cavity. This is due to the increase of buoyancy force with the
increase of Gr. Heat transfer is primarily due to conduction for all
values Gr with Pr ¼ 0:015. There occurs a transition from conduc-
tion to convection at Gr ¼ 8� 103 for Pr ¼ 0:7. For higher value of
Pr (Pr ¼ 10), the isotherms are not symmetric about the central line
for smaller Gr (Gr ¼ 103) and convective heat transfer is found to
be dominant for linearly heated side walls. It is interesting to note



Fig. 15. Average Nusselt number vs Pr or Pe� 0:1 for linearly heated side walls (a and b) and linearly heated left wall and cooled right wall (c and d) with
Gr ¼ 103; Ri ¼ 10ð�Þ; Gr ¼ 104; Ri ¼ 102ð�Þ; Gr ¼ 105; Ri ¼ 103ð�Þ and Re ¼ 10.
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that multiple circulation cells are formed with the increase in Pr for
moderate Reynolds number in the case of linearly heated side
walls. For Pr ¼ 0:015 with Gr ¼ 105 and Re ¼ 10, only two circula-
tion cells are formed inside the cavity. As Pr increases to 0.7, three
circulation cells are formed inside the cavity. Further increase in Pr
to 10, leads to the formation of four circulation cells inside the cav-
ity. On the other hand, only two circulation cells are formed inside
the cavity for the case of cooled right wall for identical parameters.
The forced convection is found to be dominant for Pr ¼ 0:7 with
cooled right wall and a secondary circulation cell is found at left
corner. Similar effects are observed for Pr ¼ 10 at Gr ¼ 105. The
effect of Re has also been studied in the present investigation for
fixed value of Pr and Gr. The secondary vortex at the top left corner
disappears for Re ¼ 102 due to enhanced motion of the upper lid
that drags more fluid from left to right part of the cavity. It is inter-
esting to note that uniform mixing at the center is observed for
Pr ¼ 10, Re ¼ 102 and Gr ¼ 105.

The local Nusselt number for the bottom wall (Nub) shows that
heat transfer rate is equal to one at the left and right edges of the
bottom wall for the linearly heated side walls. On the other hand,
Nub is equal to zero on the left edge of the bottom wall but that in-
creases towards the right edge of the bottom wall in the cooled
right wall case. In general, Nub is larger at the central regime of
the bottom wall due to large temperature gradients. It is also ob-
served that the heat transfer rate along the right wall (Nur) is larger
for the case of cooled right wall as compared to linearly heated side
walls especially for larger Gr (Gr ¼ 105). Both Nul and Nur show
oscillatory behavior for larger Pr and Gr due to presence of multiple
circulation cells in the case of linearly heated side walls while only
Nul shows oscillation in the case of cooled right wall due to pres-
ence of secondary circulation near the left wall. The average Nus-
selt number for the bottom wall (Nub) shows power law
variations for Gr with higher Pr. On the other hand, both Nul and
Nur show oscillation and power law variations may not be ob-
tained. It is also observed that Nub and Nur are larger at higher val-
ues of Pr and Gr ¼ 105 whereas Nul is an weaker function of Gr for
all Pr.
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